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APPROXIMATE AUTOMORPHISMS
OF SOLVABLE LINEAR CONNECTED LIE GROUPS

A. I. SHTERN

ABSTRACT. We apply well-known results concerning quasirepresentations
and pure pseudorepresentations to study approximate automorphisms of solv-

able connected linear Lie groups with small defect.

§ 1. INTRODUCTION

In some cases, an information concerning properties of mappings of groups
that are close to representations can help to study mappings close to homo-
morphisms with more complicated images. Here we discuss mappings of
rather simple groups that are close to automorphisms of the groups.

The scheme of consideration uses the construction of a quasirepresentation
closely related to the given approximate automorphism and in the subsequent
proof of the fact that the image of the “corrected” mapping, which is already
an ordinary representation, coincides with the image of some chosen faithful
representation of the group. This way is efficient, in contrast to many un-
happy attempts to prove, in the unbounded situation, that two sufficiently
close representations are equivalent by an operator close to the identity map-
ping of the image of the chose representation onto itself.

The main result of the present paper claims that every approximate au-
tomorphism, with sufficiently small defect, of a solvable connected linear Lie
group is close to an ordinary automorphism of the group.

Recall the following fact about the linearity of connected Lie groups. Let
G be a connected Lie group. As was proved in [1] (see also comments in [2]),

2010 Mathematics Subject Classification. Primary 22A99, Secondary 22A25.
Key words and phrases. Solvable connected linear Lie group, approximate automor-

phism, quasirepresentation, defect.

Typeset by AMS-TEX



334

A. I. Shtern

a connected Lie group G is linear if and only if G admits a faithful uniformly
continuous representation and if and only if G embeds continuously into the
invertible group of a unital Banach algebra. This gives a clear framework for
the problem under consideration.

Here and below, we use the definitions, notions, and notation of [3] without
additional comments.

8 2. MAIN THEOREM

Theorem. FEvery approximate automorphism, with sufficiently small defect,
of a solvable connected linear Lie group is close to an ordinary automorphism
of the group, where the closeness depends on the defect only.

Proof. Let G be a solvable connected linear Lie group. Let 7w be a faithful
linear representation of G, and let 7: G — GL,(R) be a faithful finite-
dimensional linear representation of GG in a normed n-dimensional space FE,,.
Let o be an approximate automorphism of G, i.e.,

la(gh) — alg)a(h)lle(e,) <& forall g,heG

and some sufficiently small .

Since the family «(G) is solvable by assumption, it follows that 7(a(G)) is
a solvable subgroup of the linear group GL,(R). By the Lie theorem, this
group can be realized (in some basis) in an upper triangular form. Since G is
solvable, it is amenable, and therefore the quasirepresentation 7o a admits a
close ordinary representation [3]|, which we denote by p. It is clear that the
diagonal elements of our upper triangular realization define a quasirepresen-
tation of G with the same small defect. Since G is solvable, it is amenable,
and therefore the diagonal quasirepresentation admits a close ordinary rep-
resentation p, which is also diagonal.

Since « is an approximate automorphism with small defect, and close
characters of a commutative Lie group are equal, we see that, for sufficiently
small defect, o is a permutation of the original diagonal.

Further, it is clear from the Lie algebra point of view that the restriction of
the quasirepresentation p (well approximating 7o «) to the largest unipotent
subgroup U of G (in the chosen realization) has the matrix entries which are
quasipolynomials in the Lie algebra coordinates of U without the constant
term, and uniformly close quasipolynomials of this kind are equal.
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The general form of the approximating representation [3] is

L(g) gggg agg) ;Egg
D=1 5 "0 9 x| €€
0 0 0 6(g)

Here t23(g) = 0, because the corresponding subspace is invariant with respect
to p, the mappings ¢, 0, 7, o, and x are bounded; the mappings t; and t,
given by

and

no) = ("7 59,

are representations of GG; the mapping 7 is a quasicocycle with respect to t;
and ts, i.e., the mapping

(9,h) = 7(gh) — a(g)T(h) — ¢(g)p(h) — T(g)d(h),

g,h € G, is bounded. This shows that, in the case under consideration, ¢, 7,
and ¢ are direct sums of characters (because these are bounded representa-
tions of solvable Lie groups), and admit no small deformation, 7 is diagonal
and has either zeros or linear factors on the diagonal, which can be seen from
the definition of subspaces decomposing FE, (see [3]), and hence 7 defines
these linear factors uniquely (without any influence of a small perturbation),
¢ and x are trivial, and the unbounded representation (3 (whose contragre-
dient representation is also unbounded) is equivalent to any representation
obtained under a uniformly small perturbation.

Therefore, after a correct re-indexing of equal diagonal characters and
correct choice of bases in the corresponding eigensubspaces, we see that the
representation p is equivalent to the composition of some automorphism 3
of G and the representation «, as was to be proved.

8 3. DISCUSSION

This consideration gives hope that a similar treatment can be made for
approximate automorphisms of simple Lie groups that are not Hermitian
symmetric [4].
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